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1 Introduction 



The Yangian Y(a) based on a simple Lie algebra a is defined [TJI2] as the homogeneous quantisation 
of the algebra a[u] = a <8> C[it] endowed with its standard bialgebra structure, where C[u] is the ring 
of polynomials in the indeterminate u. There exists for the Yangian Y(a) three different realisations, 
due to Drinfel'd PjJ IS]- in the first realisation the Yangian is generated by the elements Jq of 
the Lie algebra and a second set of generators J" in one-to-one correspondence with Jq realising a 
representation space thereof. The second realisation is given in terms of generators and relations 
similar to the description of a loop algebra as a space of maps. However in this realisation no explicit 
formula for the comultiplication is known in general, except in the s/(2) case 0j. The third realisation 
uses the Faddeev-Reshetikhin-Takhtajan (FRT) formalism jS], but it is only established in the cases 
of classical Lie algebras. 

The FRT formalism is also used as the original definition of the super Yangian Y(gl(M\N)) [HIE!- 
The purpose of this paper is to define the Yangian for the orthosymplectic Lie superalgebras via the 
FRT formalism. As a by-product, we exhibit a unified construction which encompasses the three cases 
g = so(M), g = sp(N) and g = osp(M\N). A key feature in this procedure is the explicit expression 
of a "quantum determinant" -like central element which coincides with that given by Drinfel'd in the 
g = so(M) case [T|. 

Note that a first attempt for an FRT formulation of Yangians based on so(M) and sp(N) was 
done by Olshanski et al. [El E]. However, it led to the notion of twisted Yangians, which indeed 
are deformations of loop algebras on so(M) and sp(N), but appear as Hopf coideals rather than 
Hopf algebras. The same feature holds for twisted super Yangians, corresponding to osp(M\N) 
superalgebras [TU] . 

Known rational solutions of the Yang-Baxter equation involve .R-matrices of the form (i) R(u) = 
I + £ and (ii) R(u) — I + ^ — jTTJ H21 H3j. The first case , where P is defined as the (super)- 
permutation map, is known to define the Yangians Y(sl(N)) and Y(sl(M\N)) via the FRT formalism 
[SHU]. In the case (ii), K is a partial (super)-transposition of P. Some i?-matrices of this type occur 
as factorised S'-matrices of quantum field models in two dimensions exhibiting the so{M) symmetry 

We will show that the i?-matrix R(u) = I + £ — can be used to define the Yangian Y(g) 
within the RTT formalism, for g = osp(M\N) (N even) as well as for the cases of g = so(M) or 
g = sp(N) (N even). We prove that the algebra defined this way is indeed a quantisation of g[u] 
endowed with its canonical bialgebra structure. 

The letter is organised as follows. In Section after some definitions, we introduce for each g 
a rational .R-matrix expressed in terms of the (super)-permutation and of its partial transposition. 
We check that it satisfies the (super) Yang-Baxter equation in all cases. In Section El we define a 
(super)-algebra through the RTT formalism. We establish that the quotient of this algebra by the 
quantum determinant-like central element is the Yangian Y(g), as defined in PUI2]- 
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2 General setting 

Let gl(M\N) be the Z 2 -graded algebra of (M + N)x(M + N) matrices X {j . Let 6 = ±1. The 
Z 2 -gradation is defined by (-l)W = fl if 1 < i < M and (-l)W = -0 O if M + 1 < i < M + JV. We 
will always assume that N is even. The following construction yields the osp(M\N) Yangian, and it 
will lead to the non-super Yangians by taking N = 0, 9 = 1 (orthogonal case) or M = 0, 9 = — 1 
(symplectic case). 



Definition 2.1 For each index i, we introduce a sign 6i 

-1 /or 1 < i < M + f 

-1 for M +f + l<i<M + N 

and a conjugate index i 



(2.1) 



_ _ f M + 1 - i for \<i<M 

l ~\2M + N + l-i forM + l<i<M + N ^ ' ^ 

In particular 0^ = O (-1) H - 

As usual E'y denotes the elementary matrix with entry 1 in row i and column j and zero elsewhere. 
Definition 2.2 For A = . A 1 - 5 E 1 ^, we define the transposition t by 

A' = ^(-i)im+t>]0.g. A ij E Tl = {A ij Y Eij (2.3) 

ij ij 

It satisfies (A*)* = A and, /or C-valued matrices, (AB) 1 = B t A t . 

We shall use a graded tensor product, i.e. such that, for a, b, c and d with definite gradings, 

(a(g) &)(c<g> d) = (-l^ac® fcd. 

Definition 2.3 Lei P fre £/ie (super) permutation operator (i.e. X 2 i = PXi 2 P) 

M+N 

P= ^(-1)^.®^ (2.4) 

and 

K = P h = ^2 (-l) m WjEv ® ^ , (2-5) 

where t\ is the transposition in the first space of the tensor product. In particular P 2 i = P12 a ^d 
^21 = ^12. 

PFe define the R-matrix 

P K 

R(u) =i+___^_ . (2.6) 
n n + /t 
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Proposition 2.4 The matrix R(u) satisfies 

R^—u — k) — R\ 2 {u) , (crossing symmetry) (2.7) 
R 12 (u) R X2 (-u) = (1 - l/u 2 )I, (umtanty) (2.8) 

provided that 2k = (M — N — 2)9 = (a + 2p, q.q)/2, where p is the super Weyl vector and a the 
longest root. 

Proof: we use the fact that the operators P and K satisfy 

P 2 = 1, PK = KP = 6 K, and K 2 = 6 (M - N)K (2.9) 

■ 

Theorem 2.5 The R-matrix \2. b}) satisfies the super Yang-Baxter equation 

R12 (it) R13 (u + v) R 23 (v) = R 23 (v) R 13 {u + v) R 12 (it) (2.10) 

for 2k = (M — N — 2)6*0, where the graded tensor product is understood. 

Proof: we use the following relations obeyed by the matrices P and K 

P 13 K 23 = K l2 P 13 K 13 K 12 = P 23 K l2 

P\ 2 P 23 K X2 = 6 P 13 Kyi Pi2 K 23 K\ 2 = 6 Ki 3 K\ 2 

K 12 K X3 K 23 = 6 P 13 K 23 K l2 P 23 K 12 = K 12 (2.11) 

These relations are obtained by direct computation using the definition of the matrices P and K. 

■ 

In the case related to so(N), this solution of the Yang-Baxter equation with spectral parameter was 
found in ^1] . It is also one of the cases explored in 



3 Yangians 

We consider the Hopf (super) algebra U(R) generated by the operators TP-., for 1 < i, j < M + N, 
n E Z> , encapsulated into a (M + N) x (M + N) matrix 

M+N M+N 

t(u) = T {n)U - n -EE I S)« _B ^ = E Tij ( u ) E *i 

and TfjL = 5ij. One defines U(R) by imposing the following constraints on T(u) 

R 12 (u - v) T x {u) T 2 (v) = T 2 (v) T^u) R 12 (u - v) (3.2) 
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with the matrix R(u) defined in (|2.6|) . 

The explicit commutation relations between the generating operators T l i(u) read 

( -Dim+lkM+im f 

\T l3 (u),T kl (v)] = ± '- ( T kj (v)T il (u) - T k Hu)T ll (v) 

L J u — v V 



+ V ( 8 fk (-l)M+blW+b1b] e-AT pj (u)T pl (v) 

U — V + K / — ' V 

p 

-5 jT 6 p 9jT kp (v)T ip (u)) (3.3) 



that is, in terms of the generators 

L J (r+2)> 1 (s)\ + L J (r)> J (s+2)J ~ 1 1 1 (r+1) > J (,+1) J ~ K I 1 (r+1) ' J (») J + K L J (r) > 1 (s+l) J 

If' 1 ^ WM + Wbl+Wb'] I rpkjrpil rpkj rpil rpkj rpil 

+ ^ i > ^ J (a) J (H-l) I ( r +l) I (s) I (s+l) I (r) 

.rpkjrpil , ^rpkjrpil ,.rpkj rpil \ 

+ 1 (r) 1 (s+l) + Kl ( S ) 1 (r) - KJ (r) J (s) j 

+ £ (** (-i) [p]+m+mp] e,e p (T^ 1} Tg - t ( ^t;' +1) ) 

p 

-fy (-l)WW+HW+MW^ j(I g2* i} _ 1^,2*)) (3.4) 

where r,s > —2 with by convention TV^ = for n < 0. 
The Hopf algebra structure of W(i?) is given by [H] 

Af+iV 

A(T{u)) =T(u)®T(u) i.e. A(T^'(m)) = £ T \ u ) ® ^ W ( 3 - 5 ) 

fc=i 

5(T( M ))=T( M )- 1 ; e(T( M )) = I M+JV (3.6) 

Theorem 3.1 The operators generated by C(u) = T f (u — k)T(u) lie in the centre of the algebra 
U(R) and C{u) = c{u)\. Furthermore, A(c(w)) = c{u) ® c{u) and the two-sided ideal! generated by 
C(u) — I is also a coideal. The quotient U/T is then a Hopf algebra. 

Proof: We first prove that C{u) is diagonal. Indeed, the relation ()3.2|) implies 

K 12 T x {u - k) T 2 (u) = T 2 (u) T x {u - k) K 12 (3.7) 
from which it follows, after having transposed in space 1, 

E(-l) [fc] ^(w - K) ij T(u) 3l E lk ® E u = ^(-l)HW+HH+HH T ( n )P9 T ^ u _ K yE„ ® E ps (3.8) 

ijkl pqsr 

Therefore, one has 

T \u - K) ij T(u) jl = 5 a c{u) or C(u) = c{u) I (3.9) 



Let us prove that c(u) is a central element. One gets 

C(u)T 2 (v) = THu-^T^T^v) 

= Tl(u- k)R^(u-v)T 2 (v)T 1 (u)R 12 (u-v) (3.10) 

where we have used the unitarity and crossing properties ()2.8|) and ()2.7|) of R{u). Now using the 
transposition of the relation ()3.2|) in space 1 and the crossing property of R(u), one can derive the 
following exchange relation: 

T{{u - k) R u l (u - v) T 2 (v) = T 2 (v) R£(u - v) Tf(u - «) (3.11) 

Hence 

C(u)T 2 (v) = T 2 {v)R'{ 2 \u-v)T t 1 {u-K)T l {u)R 12 {u-v) 

= T 2 {v)R u \u-v)C{u)R 12 (u-v) (3.12) 

Since C(u) = c(u) I, one obtains easily C(u) T 2 {y) = T 2 {v) C{u). 

From the defining relations of C(u) the coproduct of c(u) is straightforwardly obtained as A(c(w)) = 
c(u) ®c(m) which shows that X is a coideal. It is interesting to note that this is precisely the structure 
of the coproduct of the quantum determinant whenever such an object has been constructed. ■ 

At order u^ 1 the equation C(u) = I yields the relation TfU + = 0. Note that those linear 

relations T?^ +TflL = for which i ^ j were already implied by the commutation relations (|3.4j) . At 
higher orders, C{u) =1 induces relations with the generic form Tf, + T( n ) = jF(T( m ),m < n) where 
T is a quadratic function. 

In particular, once the exchange relations ()3.4)1 (for r = s = 0) are taken into account, the generators 
T^n exhibit the structure of the Lie (super) algebra g. 

Definition 3.2 Let g be a finite dimensional complex simple Lie (super) algebra. We define the 
bialgebra g[u] as g ®c C[w] endowed with the Poisson cobracket S defined by 



Sf(u,v) 



V®f{v) + f{u) ® II, 



u — V 



(3.13) 



where €. is the tensorial Casimir element of q associated with a given non- degenerate invariant bilinear 
form Q3 ; and f : C — > g is a polynomial map, i.e. an element of g[u}. 

Theorem 3.3 Let g be a finite dimensional complex simple Lie (super) algebra of type so(M), sp(N), 
osp(M\N) . Let U(R) be the Hopf algebra with generators T(u) subject to the relations hS. 2t) and 
Hopf structure \3. <5)) -i TOj) . The quotient of the algebra U(R) by the two-sided ideal I generated by 
C(u) = T*(w — k)T{u) = I (i.e. c(u) = 1) is a homogeneous quantisation of (g[u],8). 



Proof: We define as the algebra generated by the generating functional t(u 

1 

h 



i( u ) = \[T{u/h)-l) (3.14) 
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and the identity, the relations being derived from those of U(R), i.e. 



[ti{u),t 2 (v)} 



h{u) + i 2 {v), 
h{u)+t 2 {v), 



p 



u — V 
K 



h 



u — V 



u — v + hn 



h 



(3.15) 



Thus the relations in U%j [JU%) are 

Mu),t 2 (v)] 



u — v + hn 



h{u)+i 2 {v) 



(Afi(u)t 2 (v) -h{u)i 2 {v)K) 



P-K 



u — V 



(3.16) 



The equation C(u) = I expressed in Un generate a two-sided ideal In, which now induces rela- 
tions with the generic form Bn + £( n ) = KT(b(m),m < n) where T is a quadratic function. In the 
quotient algebra 11%/ (HUn) this becomes equivalent to the standard linear symmetrisation relation 
J(n) + J(n) — f° r t ne generators of the loop algebra g[u], so that W n /(KU' h ) — U(g[u]) as algebras, 
for U' h = Un/T h . This characterises U' h as a quantisation of the algebra U(g[u]). 
We now examine the coproduct structure in order to recognise it as a quantisation of the cocommu- 
tator 5, namely 

A - A op 



h 



(t(u)) 



5(t( 



u 



mod h 



mod 



From (J3.5j) . the order u n of the entry of the left hand side of this formula reads 



A - A op ~ 
t 



h 



(m) 



mod h r=0 



(*(r) ® Hm-r) ~ *(r) ® *(m-r)) | mod R • 



(3.17) 



(3.18) 



Now, denoting generically t a = t u — (f- 7 )* and E a = Eij — (E^Y, and using t = t l mod h, we can 
symmetrise and get 



E 



A- A 

h 



op 



mod h 



EES 



a,b r=0 



EE 

a,6 r=0 



r) w t (m-r) 



[-^a, E b 



mod ft 



mod /I 



(3.19) 



The right hand side of the formula ()3.17|) can be computed once one recalls that £ = Ylab ^abt a ® t b . 
One obtains 



$(t(m)) — *W ® tfm-r) f 



ab 



(3.20) 



a, 6 r=0 



where the denote the generators of the loop algebra g[u]. Since the modes of (t(u) | mod h ) coincide 
with the ffs and the structure constants f ab c and f c ab are identified through the bilinear form 23, 
one gets the desired result (|3.17j) . 

Therefore the Hopf algebra U(R)/X = U' n _ l is a quantisation of U(g[u}) and A is a quantisation of 5. 
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From the above theorem, we are naturally led to the following definition: 

Definition 3.4 We define the Yangian of osp(M\N) as Y(g) =U(R)/1. 

Explicitly, its defining relations are given by 

R l2 {u - v) Ti(u) T 2 {v) = T 2 (v) T x (u) R u (u - v) , 
C(v) =T t (u-K)T(u) =1, 

P K 

where Rniu) — I H . 

u u + K 

For N = or M = 0, this definition is consistent with the one of Drinfel'd P3I2] for the so(M) and 
sp(N) cases respectively. 

Remark: The explicit i?-matrices for the Yangians Y(so(N)) and Y(sp(N)) can be obtained by 
taking the scaling_Jimit q — > 1, z = q u — > 1 keeping u fixed, of the evaluated trigonometric R- 
matrices of U q (so(N)) and U q (sp(N)) computed in [T^J. Similarly, one can show that the i?-matrix 
of Y(osp(l\2)) is the scaling limit of the evaluated trigonometric i?-matrix of lA q {osp{l\2)) [Tfij . 



4 Twisted Yangians and reflection algebras 

We would finally like to comment upon a possible connection between the notions of twisted Yangians 

and reflection algebras within the framework of this Yangian construction. 

Following the lines of jHlEl (see also [TU] for the supersymmetric case), we define on U(R): 

t[T(v)] = T\-u - k) (4.1) 

which reads for the super- Yangian generators: 

r(T a \u)) = (-lp^ +1) 6 a 6 b T M (-u - «) (4.2) 

t is an algebra automorphism, as a direct consequence of unitarity, crossing symmetry and the 
property R tlt2 (u) = R(u) which itself comes from P' 1 * 2 = P. 

The twisted super- Yangian U(R) tw is the subalgebra generated by S{u) = t[T(u)]T(u), with r given 
in (|4.2jl . S(u) obeys the following relation: 

Rn(u - v) St{u) R 12 {u + v) S 2 {v) = S 2 (v) R 12 {u + v) S^u) R 12 {u - v) (4.3) 

It is easy to show that U(R) tw is a coideal in U(R). 

Similarly, one introduces the notion of reflection algebras S(R), generated by 

B{u) = T-\-u)T{u) (4.4) 

which obeys the same relation (|4.3|h interpreted here as a reflection equation. S(R) is also a coideal 
of U{R). This type of algebras have been originally introduced in |T2J for the Yangian Y(N), based 
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on gl(N), and play an important role in integrable systems with boundaries (see e.g. [TH]). 
However in the coset U(R)/I, one has B{u) = S(u), so that S(R) and U(R) tw are two versions of 
the same Hopf coideal in U(R). The situation is here different from the case of the Yangian Y(N). 
Indeed the twisted Yangians Y^(N) and the boundary algebras B(N,£) are known to be different 
for N > 2, whilst for iV = 2 one has B{2, 0) = Y~(2) and B{2, 1) = Y+(2) 

Acknowledgements: We would like to thank A. Molev and V. Tolstoy for discussions and com- 
ments. 
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